A hallmark of topological band theory in periodic media is that bulk properties are not affected by boundary conditions. Remarkably, in certain non-Hermitian lattices the bulk properties are largely affected by boundaries, leading to such major effects as the non-Hermitian skin effect and violation of the bulk-boundary correspondence. Here we unveil that non-unitary discrete-time quantum walks of photons in systems involving gain and loss show rather generally non-Bloch parity-time (PT ) symmetry breaking phase transitions, and suggest a bulk probing method to detect such boundary-driven phase transitions. c 2019 Optical Society of America Introduction. A hallmark of topological band theory in periodic media is that bulk properties, such as Bloch energy bands and gaps, are not affected by boundary conditions, and Bloch band invariants can predict edge effects via the bulk-boundary correspondence [1]. However, several recent studies showed that in certain nonHermitian systems the bulk properties are largely affected by boundaries, leading to such major effects as the non-Hermitian skin effect (NHSE), i.e. the squeezing of bulk modes to the edges, anomalous edge states, the violation of the bulk-boundary correspondence based on Bloch topological invariants, and symmetry-breaking phase transitions of non-Bloch bands [2][3][4][5][6][7][8][9][10][11][12][13][14][15][16][17][18][19][20]. Such discoveries challenge the current wisdom of topological order and their explanation requires suitable generalization of Bloch band theory and topological invariants [4,5,8,9,12, 13]. The bulk bands in systems with open boundary conditions (OBC) can considerably differ from those of systems with periodic boundary conditions (PBC). While the latter are defined by ordinary Bloch band theory, the former are non-Bloch bands that require the Bloch quasi-momentum to become complex and to vary on a generalized Brillouin zone [4, 5, 8, 9, 13, 14, 16]. A major consequence is that distinct symmetry breaking phase transitions can be observed when considering Bloch and non-Bloch bands [2, 4, 7, 14, 16], i.e. bulk symmetries and symmetry breaking phase transitions in non-Hermitian systems can be affected by boundaries. Photonics provides an experimentally accessible platform to test non-Hermitian topological systems (see e.g. [20][21][22][23][24][25][26][27][28][29][30] and references therein), with potential applications to novel laser design [31][32][33], quantum light [34] and light steering [35], to mention a few. Discrete-time quantum walks (QWs) of photons, realized in different optical settings and probed with ether classical or quantum light [19, 20, 25, 26,[36][37][38][39][40][41][42], are versatile systems to investigate topological order in Floquet dynamics and to implement non-Hermitian effects. While Bloch band PT symmetry breaking phase transitions via exceptional points have been observed in photonic QW several years
Introduction. A hallmark of topological band theory in periodic media is that bulk properties, such as Bloch energy bands and gaps, are not affected by boundary conditions, and Bloch band invariants can predict edge effects via the bulk-boundary correspondence [1] . However, several recent studies showed that in certain nonHermitian systems the bulk properties are largely affected by boundaries, leading to such major effects as the non-Hermitian skin effect (NHSE), i.e. the squeezing of bulk modes to the edges, anomalous edge states, the violation of the bulk-boundary correspondence based on Bloch topological invariants, and symmetry-breaking phase transitions of non-Bloch bands [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Such discoveries challenge the current wisdom of topological order and their explanation requires suitable generalization of Bloch band theory and topological invariants [4, 5, 8, 9, 12, 13] . The bulk bands in systems with open boundary conditions (OBC) can considerably differ from those of systems with periodic boundary conditions (PBC). While the latter are defined by ordinary Bloch band theory, the former are non-Bloch bands that require the Bloch quasi-momentum to become complex and to vary on a generalized Brillouin zone [4, 5, 8, 9, 13, 14, 16] . A major consequence is that distinct symmetry breaking phase transitions can be observed when considering Bloch and non-Bloch bands [2, 4, 7, 14, 16] , i.e. bulk symmetries and symmetry breaking phase transitions in non-Hermitian systems can be affected by boundaries. Photonics provides an experimentally accessible platform to test non-Hermitian topological systems (see e.g. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] and references therein), with potential applications to novel laser design [31] [32] [33] , quantum light [34] and light steering [35] , to mention a few. Discrete-time quantum walks (QWs) of photons, realized in different optical settings and probed with ether classical or quantum light [19, 20, 25, 26, [36] [37] [38] [39] [40] [41] [42] , are versatile systems to investigate topological order in Floquet dynamics and to implement non-Hermitian effects. While Bloch band PT symmetry breaking phase transitions via exceptional points have been observed in photonic QW several years ago [36] , only very recently the ability of QWs to show non-Bloch topological features has been suggested, with the experimental demonstration of the NHSE and bulkboundary correspondence breakdown in a QW of single photons [20] . However, the occurrence of PT symmetry breaking phase transitions of non-Bloch bands and their experimental signatures remain largely unexplored. In this Letter we unveil that, besides NHSE, nonHermitian photonic QWs show rather generally nonBloch PT symmetry-breaking phase transitions, which can be probed in the bulk from Lyapunov exponent measurements of the QW dynamics. Non-Hermitian photonic quantum walks: model and PT symmetry. We consider the three-step discrete-time photonic QW on a one-dimensional lattice schematically shown in Fig.1(a) . The QW can be implemented using integrated optical directional couplers, in which two sublattices A and B of a waveguide array with a slowlycurved optical axis are alternately coupled over one modulation cycle [ Fig.1(b) ]; see e.g. [38] . In steps I and III, optical power is exchanged between pairs of closelyspaced waveguides in the two sublattices, whereas in the intermediate step II all waveguides are widely-spaced and decoupled, while alternating gain (optical amplification) and loss (optical attenuation) is introduced in the two sublattices. We note that the non-unitary QW can be also implemented using different optical settings, such as bulk polarizer beam splitters and quarter-wave plates [20, 25] or fiber network loops [41] -the states A and B being the polarization states of the photons-or chiral light in which the lattice sites are associated with photonics states carrying different quanta of orbital angular momentum and the states A and B are mapped onto spin angular momentum [37] . Let us indicate by a n (t) and b n (t) the field amplitudes in the two sublattice waveguides at propagation distance t. The evolution of the amplitudes over one modulation cycle (of period T = 1) is governed by the map a n (t + 1) = α exp(γ)a n (t) + β exp(γ)b n (t)
(1)
where γ > 0 is the balanced gain/loss parameter introduced in step II, α ≡ cos θ 1 cos θ 2 , β ≡ i sin θ 1 cos θ 2 , δ ≡ − sin θ 1 sin θ 2 , σ ≡ i cos θ 1 sin θ 2 , and θ 1 , θ 2 are the rotation angles of the coin state (i.e. effective waveguide couplings) in steps I and III, respectively. For PBC, owing to the discrete translational invariance one can write (a n (t), b n (t)) T = (A(t), B(t)) T exp(ikn), where k is the Bloch wave number which varies in the first Brillouin zone −π ≤ k < π, i.e. β ≡ exp(ik) varies on the unit circle C β of complex β plane (|β| = 1). The change of amplitudes A(t), B(t) over one modulation cycle reads
T , where the Floquet propagator U (k) in momentum space can be written as
and σ 1,2,3 are the Pauli matrices. In the above equation, S(k) is the shift operator in momentum space, given by
R(θ) is the rotation matrix for an angle θ,
θ 1 , θ 2 are the rotation angles in steps I and III, respectively, and
describes balanced light amplification and attenuation in sublattices A and B at step II. The elements of the propagator U read explicitly
An effective non-Hermitian Hamiltonian in momentum space for PBC can be introduced as usual through the relation U (k) = exp(−iH ef f ). The QW dynamics under U can be regarded as a stroboscopic map of the nonunitary dynamics governed by H ef f . It should be noted that the form of U(k) (and thus of H ef f ) is not unique since it depends on the chosen basis of states A and B.
In particular, for a rotation R(ϕ) of the A/B basis by an angle ϕ, the Floquet propagator
As the quasi energies are clearly unchanged, the rotation is useful to unveil hidden symmetries in the non-unitary quantum walk [43] . In particular, the Floquet propagator U ′ (k) possesses PT symmetry (under a suitable definition of parity P and time reversal T operators) provided that [43] PT
i.e. PT H
Non-Hermitian skin effect and non-Bloch PT symmetry breaking phase transitions. While the Floquet propagator U (k) is non-unitary for γ = 0, one has detU (k) = 1. Using such a property, the quasi energies ǫ 1,2 (k) of the system with PBC, i.e. the eigenvalues of H ef f , can be readily calculated and read
where the complex angle φ(k) is defined via the relation
= cos θ 1 cos θ 2 cosh γ − sin θ 1 sin θ 2 cosh(γ + ik).
and k varies in the ordinary Brilloiun zone [dashed curve in Fig.1(c) ]. When the system comprises N dimers with OBC, the quasi energy spectrum should be numerically computed from the 2N × 2N Floquet propagator U 2N in real space with appropriate boundary conditions. Interestingly, contrary to similar non-unitary QWs considered in previous works [36, 43] , in our QW the quasi energy spectrum for OBC differs from the one of PBC because of the NSHE [20] ; examples of PBC and OBC quasi energy spectra are shown in Fig.2 . This result can be readily proven using the saddle-point criterion [16] , looking at the position in complex β plane of the saddle points of quasi energies ǫ 1,2 (β): if the saddle points β s of ǫ 1,2 (β) do not lie on the unit circle C β , then the OBC and PBC quasi energies are distinct and the bulk eigenstates are squeezed at the edges for OBC (NSHE). From Eqs. (8) and (9) one finds two saddle points at β s = ± exp(−γ) with modulus less than one, indicating the existence of the NSHE. The bulk OBC quasi energy spectrum is again given by Eq. (8) and (9), but the Bloch wave number k becomes complex and β ≡ exp(ik) varies on the generalized Brillouin zoneC β [4, 5, 8, 9, 13] . The generalized Brillouin zone is determined with the procedure detailed in previous works [4, 5, 8, 9] , and the saddle points β s belong toC β [16] . From the form of Eq. (9), it readily follows thatC β is the circle of radius ρ = exp(−γ), i.e. k = iγ + q with q real and −π ≤ q < π [ Fig.1(c) , solid curve]. In fact, the conditions of generalized Brillouin zone ǫ 1,2 (β 1 ) = ǫ 1,2 (β 2 ) with |β 1 | = |β 2 | [4, 5, 8, 9] are satisfied by letting β 1 = iγ + q and β 2 = iγ − q with q real. Therefore, the quasi energy spectrum for OBC reads ǫ 1,2 (q) = ±φ(q + iγ) (10) = acos {cos θ 1 cos θ 2 cosh γ − sin θ 1 sin θ 2 cos q} .
Interestingly, while the quasi energy spectrum for PBC is always complex [Eqs. (8) and (9) and Fig.2 ] for any non vanishing value of the non-Hermitian parameter γ, the quasi energy spectrum for OBC [Eq. (10) and Fig.2] shows a phase transition, from an entirely real quasi energy spectrum to complex conjugate quasi energies, as γ increases above the threshold value γ th defined by the relation
Equation (11) argument of the acos function on the right hand side of Eq.(10) equal to one (in modulus) at the center (q = 0) or at the edge (q = ±π) of the Brillouin zone. Note that, for |θ 1 | = |θ 2 |, γ th is strictly positive, with γ th → 0 as θ 2 → ±θ 1 and γ th → ∞ as either θ 1 or θ 2 gets close to ±π/2. The transition from an entirely real to complex quasi energy spectrum can be viewed as a PT symmetry breaking phase transition of the Floquet propagator U ′ (k) in momentum space on the generalized Brillouin zone (k = q + iγ, q real). In fact, it can be readily shown that rotation by the angle ϕ = θ/2 + π/4 of the state basis transforms the Floquet propagator
satisfying Eq. (7) when k varies on the generalized Brillouin zone and with parity and time-reversal operators defined by P = σ 1 and T = σ 1 K (K is the elementwise complex conjugation operation). Note that, contrary to other non unitary QWs [43] , in our model U ′ (k) does not possess PT symmetry when k varies on the ordinary Brillouin zone, and indeed in the QW with PBC one does not observe any symmetry breaking phase transition of Bloch bands (Fig.2) . Therefore, PT symmetry breaking observed in a QW with OBC is a non-Bloch phase transition. Note also that, while the non-Hermitian QW defined by the non unitary Floquet propagator (3) always shows the NHSE [20] , non-Bloch phase transitions arise solely for an unbalanced QW , i.e. for |θ 1 | = |θ 2 |.
Probing non-Bloch phase transitions. In an experimental setting, the appearance of non-Bloch phase transitions can be detected looking at the asymptotic QW dynamics in the bulk (i.e. far from edges), measured by the Lyapunov exponent of the map defined by Eqs. (1) and (2) [16] . At initial step t = 0, let us excite the photonic structure with a photon in site n = 0 of sublattice A, i.e. a n (0) = δ n,0 and b n (0) = 0, and let us measure as successive steps t = 1, 2, 3, ... the growth rate
Following a procedure similar to the one presented in [16] , it can be shown that, for large t, λ(t) converges to the asymptotic value λ ∞ given by
(γ > γ th ) (13) Therefore the non-Bloch PT symmetry breaking phase transition is signaled by the increase of λ ∞ above zero [ Fig.3(a) ]. Examples of the numerically-computed behaviors of λ(t) versus step number t, for γ either below or above the symmetry breaking threshold γ th , are shown in Figs.3(b) and (c). Note that for γ sufficiently above γ th , as in Fig.3(c) , the positiveness of λ(t), and thus the signature of the symmetry breaking, is observed after less than ∼ 10 periods (which is within experimental accessibility), while to reach the asymptotic value λ ∞ much more steps would be required. As a final comment, it should be mentioned that, while in our model we assumed balanced gain and loss in sublattices A and B, similar results hold for an entirely passive system, in which for example in step II sublattice B is lossy with loss parameter γ while sublattice A is transparent (no loss, no gain). This situation, which could be experimentally more accessible since amplification is not required, would correspond to a down-shift of the quasi energy spectra by γ/2 along the imaginary axis of energy, while the non-Bloch phase transition would correspond to the so-called passive PT symmetry breaking [44] .
Conclusions Non-unitary quantum walks of photons have been recently shown to provide a beautiful and experimentally accessible platform to investigate topological order in non-Hermitian Floquet systems, with the observation of bulk-boundary correspondence failure and squeezing of bulk eigenstates to the edges (NHSE) [20] .
Here we have shown that non-unitary photonic quantum walks can provide a very promising tool for the observation of another intriguing phenomenon in non-Hermitian lattices, i.e. symmetry breaking phase transitions of nonBloch bands. Non-Bloch symmetry breaking phase transitions are bulk phase transitions driven by the boundary conditions. They are observed when the QW occurs on a linear chain with OBC, which forces the Bloch wave number to span an extended Brillouin zone, while they are not observed in a system with PBC, where the Bloch wave number spans the ordinary Brillouin zone. This is because the non-unitary Floquet propagator possesses certain symmetries when considered on the generalized Brillouin zone, but not on the ordinary Brillouin zone. The present results are expected to stimulate further theoretical and experimental investigations on the rapidly growing and fascinating area of non-Hermitian topological phases, with potential interest beyond photonics
